How impurity atoms move through a crystal is a fundamental and recurrent question in materials. The previous understanding of oxygen diffusion in titanium relied on interstitial lattice sites that were recently found to be unstable, making the diffusion pathways for oxygen unknown. Using first-principles quantummechanical methods, we find three oxygen interstitial sites in titanium, and quantify the multiple interpenetrating networks for oxygen diffusion. Surprisingly, no single transition dominates, but all contribute to diffusion. 
complexity for the kinetics of interstitials in metals.
The first-principles calculations are performed with vasp [11, 12] , a plane-wave density-functional theory (DFT) code. Ti and O are treated with ultrasoft Vanderbilt type pseudopotentials [13, 14] and the generalized gradient approximation of Perdew and Wang [15] . We use a single oxygen atom in a 96-atom (4 × 4 × 3) titanium supercell with a 2 × 2 × 2 k-point mesh. A plane-wave cutoff of 400eV is converged to 0.3meV/atom and the k-point mesh with Methfessel-Paxton smearing of 0.2eV is converged to 1meV/atom [10] . Projector augmented-wave (PAW) pseudopotential [16] calculations with the PBE generalized gradient approximation [17] give similar values, with a maximum error of 0.1eV (see supporting Table 1 ). From changes in supercell stresses for oxygen in different sites, we estimate the finite-size errors to be 0.05eV; this is similar to the error found by using different computational cell sizes [10] . We use the climbing-image nudged elastic band [18, 19] method with one intermediate image and constant cell shape to find the transition pathways and energy barriers between different interstitial sites. Along the path, the force is negated, while components perpendicular to the path are unchanged; the image relaxed to an extremum where the forces are less than 5meV/Å, and restoring forces confirm that this extremum is a first-order saddle point. The attempt frequency prefactor for each transition is estimated with the Vineyard equation [20] . Only the restoring forces on the oxygen atom is used to compute the normal mode frequencies. We use the three vibrational modes from the initial state and the two highest modes at the transition state to estimate the prefactor. This does not include the coupling to and softening of neighboring Ti atoms; this underestimates the prefactors by less than 25% [21] . Fig. 1 shows the hexagonal closed-packed unit cell of α-titanium and the three interstitial sites for oxygen. The crystal has space group 194, P6 3 /mmc [22] , where the crystal basis a 1 and a 2 are at an angle of 120
• to each other in the hexagonal ("basal") plane with length a Ti = 2.933Å, while the c axis is perpendicular to both with length c Ti = 4.638Å, and two titanium atoms per cell. The octahedral (o) site is the equilibrium configuration for oxygen and is surrounded by 6 titanium atoms in a symmetric arrangement, 2.09Å away. The o-sites form a hexagonal lattice with a caxis that is half of the titanium lattice. Atomic forces on oxygen in the unstable tetrahedral site displace it towards the basal plane, into the hexahedral site [10] ; the hexahedral (h) site is 5-fold coordinated and is 1. We also considered a crowdion site in the basal plane, which is unstable. A high formation energy is required to displace the two titanium atoms into the close-packed directions in the basal plane, while the two titanium neighbors of the non-basal crowdion can move in the softer pyramidal plane. Note also that oxygen retains its divalency in all three configurations, and in the transition states (see supporting Fig. 1 ). Table I . Table I summarizes the symmetries and energetics of all possible transitions for oxygen diffusion in α-titanium. The transition rate from site i to j at temperature T is Arrhenius:
, where E i j is the energy barrier and ν i j is the attempt prefactor for the transition. The barrier of the direct c-axis transition between o-sites-E oo -is too high to occur at relevant temperatures. However, the lower barrier o↔h transition also passes through a triangular face of three titanium atoms like the o↔o c-axis transition. This is similar to the instability of basal crowdion sites: the triangular face for the o↔o c-axis transition requires more energy to displace titanium atoms in the close-packed basal plane. The triangular face for the o↔h transition is in the softer pyramidal plane allowing for easier titanium atom displacement. Excluding the o↔o c-axis transition, all remaining transitions occur at approximately the same frequency-there is no single rate-controlling diffusion mechanism. As the probability of a site i being occupied is proportional to exp(−∆E i /k B T ) for site energy ∆E i , the absolute rate of transitions is proportional to exp(−(∆E i + E i j )/k B T ). The transition barriers from h-and c-sites are lower than from o-sites, but the occupancy probability for h-and c-sites are lower. Adding the site energy for h (+1.19eV) and c (+1.88eV) to the corresponding transition barriers reveal that all transitions occur with a temperature dependence of about ∼2.1eV; hence, all of the interpenetrating transition networks contribute to the diffusion of oxygen.
We derive the exact rate equations for c-axis and basal diffusion using the multistate diffusion formalism [24, 25] . The case of a single oxygen atom diffusing in a perfect α-titanium lattice is represented by the periodic unit cell in Fig. 1 with ten internal states. The connected network leads to basal and c-axis diffusion rates that are similar. The full diffusion equations (see supporting
Eqn. S11 and S12) are simplified when the rates of escape from the hexahedral and crowdion sites are much faster than from the octahedral site; then,
This assumes that the crowdion sites are able to thermalize so that there is no correlated hops from the crowdion sites to neighboring sites. The contribution of the individual rates to diffusion is similar for λ oh , λ oc , and λ hc terms; at 300
• C, the contributions are in ratios of 13. As temperature increases, we do not expect the crowdion site to achieve thermal equilibrium;
hence, an increasing fraction of the o→c jumps will become correlated basal o→o jumps, and h→c jumps will become correlated h→h jumps. This high temperature behavior can be approximated by removing the crowdions as metastable states from the network, and using λ oc as the rate for direct basal o→o transitions (and similarly λ hc for h→h transitions). Then, the diffusion rates are bounded above by
At 1200
• C, the high temperature Eqn. 3 is 41% larger than Eqn. 1 and Eqn. 4 is 48% larger than Eqn. 2; at 300
• C, the differences are only 16% and 23%. This suggests a small underestimation of diffusion rates at the highest temperatures. are visualized with VMD [29] and rendered with Tachyon [30] . * dtrinkle@illinois.edu
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